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ABSTRACT 
The Fundamental Groups of the Complements 
of Some Solid Horned Spheres 
by 
Norman William Riebe 
Utah State University, 1968 
Major Professor: Dr. Lawrence 0. Cannon 
Department: Mathematics 
One of the methods used for the construction of the classical 
Alexander horned sphere leads naturally to generalization to horned 
spheres of higher order. Let M2, denote the Alexander horned sphere. 
This is a 2-horned sphere of order 2. Denote by M 3 and M4, two 
2-horned spheres of orders 3 and 4, respectively, constructed by such
a generalization. 
The fundamental groups of the complements of M2, M 3 , and M4 are 
derived, and representations of these groups onto the Alternating 
Group, As, are found. The form of the presentations of these funda-
k 
mental groups leads to a more general class of groups, denoted by G ,
k > 2. A set of homomorphisms �f:Gk � Gl , k: l: 2 is found, which
has a clear geometric meaning as applied to the groups G2 , G 3, and G4 •
Two theorems relating to direct systems of non-abelian groups 
are proved and applied to the groups 
theorems is that the groups G
k
, k: 2 
The implication of these 
are all free groups of countably
infinite rank and that the embeddings of M2, M3, and M4 in E
3 cannot
be distinguished by means of fundamental groups. 
(33 pages) 
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INTRODUCTION 
The classical "horned sphere," the best known and one of the 
first wild surfaces in E 3, was defined by Alexander. Several authors 
have studied Alexander's horned sphere and related surfaces. In 1966, 
L. O. Cannon gave a general definition for the s�lid horned sphere
M in E 3 • 
1 
Certain of the horned spheres are defined in such a way
that the complementary domain (E 3 - M) is not simply connected. The
question arises as to which, if any, of the horned spheres are equiv­
alently embedded in E 3 •
One means available for testing this property is the use of 
algebraic techniques to examine the fundamental group, n(E 3 - M), of 
the complementary domain. Let M, M' be two horned spheres; n(E 3 - M), 
n(E 3 - M'), respectively, their fundamental groups. If it can be shown 
that the groups n(E 3 - M) and n(E 3 - M') are not isomorphic, then it 
follows that the spaces (E 3 - M) and (E 3 - M') are not homeomorphic 
and that M, M' are not equivalently embedded in E 3 •
2 
On the other
hand, if the fundamental groups are isomorphic no conclusion can be 
drawn. 
Let M2 denote Alexander's horned sphere. M2 is often called a 
2-horned sphere, and it is obtained by a limiting process in E 3 • This
limiting process is sometimes thought of as the construction of a pair 
1
L. o. Cannon, "Sums of Solid Horned Spheres," Transactions of
the American Mathematical Society, CXXII, No. 1 (March, 1966), p. 203-
228. 
2
Richard H. Crowell and Ralph H. Fox, Introduction to Knot Theory
(New York: Blaisdell Publishing Company, 1965), p. 13-30. 



























